We study the (2 + 1)-dimensional Dirac oscillator in the noncommutative phase space and the energy eigenvalues and the corresponding wave functions of the system are obtained through the sl(2) algebraization. It is shown that the results are in good agreement with those obtained previously via a different method.
Introduction
Study on Dirac oscillator as an important potential has attracted a lot of attention and has found many physical applications in various branches of physics [1] [2] [3] [4] [5] [6] . The Dirac oscillator was introduced for the first time by Itô et al. [7] , in which the momentum → in Dirac equation is replaced by → − 0→ , where → is the position vector and 0 , , andã re the mass of particle, the frequency of the oscillator, and the usual Dirac matrices, respectively. Similar system was studied by Moshinsky and Szczepaniak [8] , who gave it the name of Dirac oscillator; due to the nonrelativistic limit, it becomes a simple harmonic oscillator with strong spin-orbit coupling term. In quantum optics and for (2 + 1)-dimension space, it is seen that the Dirac oscillator system can be mapped into Anti-Jaynes-Cummings model [9] [10] [11] which describes the atomic transitions in a two-level system. In [5, 12] , it has been shown that the Dirac oscillator interaction can be interpreted as the interaction of the anomalous magnetic moment with a linear electric field. Also the electromagnetic potential associated with the Dirac oscillator interaction has been found by Benitez et al. in [13] .
On the other hand in recent decades, the noncommutativity has become an extremely active area of research such as in string theories, quantum field theories, and quantum mechanics [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . For quantum systems in noncommutative space, it is seen that assuming the noncommutativity may be a result of quantum gravity effects, also it is a fruitful theoretical laboratory where we can get some insight on the consequences of noncommutativity in field theory by using standard calculation techniques of quantum mechanics. The study on Dirac equation in noncommutative phase space has also attracted much attention in recent years [25] [26] [27] [28] [29] [30] [31] . For example, study on the relativistic Landau levels of Dirac equation in (2 + 1)-dimensional noncommutative phase space has been shown in [28] and one can see an exact mapping of this relativistic model to the AJC model. Also in [25] , it is seen that, for Landau problem in two-dimensional noncommutative phase space, the equation of motion of a harmonic oscillator is similar to the equation of motion of a particle in a constant magnetic field and in the lowest Landau level. The energy gap of Dirac oscillator in a noncommutative phase space changes by noncommutative effect [25] . A noncommutative description of graphene, which consists of a Dirac equation for massless Dirac fermions plus noncommutative corrections, has been studied in [27] and it has been shown that the momentum noncommutativity affects the energy levels of grapheme.
Since the appearance of quantum mechanics, considerable efforts have been devoted to obtaining exact solutions of the relativistic and nonrelativistic wave equations, using different methods and techniques [32] [33] [34] [35] [36] . Now in this paper, we study the Dirac oscillator in noncommutative phase space 2 Advances in High Energy Physics within the framework of representation theory of the sl(2) Lie algebra.
A quantum system is exactly solvable (ES) if all the eigenvalues and the corresponding eigenfunctions can be calculated in an exact analytical manner. In contrast, a quantum system is quasi-exactly solvable (QES) if only a finite number of eigenvalues and eigenfunctions can be determined exactly [37] [38] [39] [40] . In the case of ES models, the Hamiltonian of the system can be diagonalized completely due to the fact that algebraic symmetry is complete, but in the case of QES models, the Hamiltonian is only block diagonalized. Such a finite block can always be diagonalized, which yields a finite part of the spectrum algebraically.
This paper is organized as follows. In Section 2, based on [31] , we briefly review the noncommutative phase space on (2 + 1)-dimensional Dirac oscillator. Section 3 is devoted to (2) algebraization of Dirac oscillator in the noncommutative phase space. We obtain the energy eigenvalues and the corresponding wave functions through the sl(2) representation and show that our results are in good agreement with the results of [31] . In Section 4, we present the conclusion.
Review on (2 + 1)-Dimensional Dirac Oscillator in the Noncommutative Phase Space
According to [31] , the noncommutative phase space is characterized by the fact that their coordinate operators satisfy the equation
wherẽand are an antisymmetric tensor of space dimension. By using Bopp's shift method, the two-dimensional noncommutative phase space can be considered as [29] (NC) = −2 ℏ ,
The Dirac oscillator is also described by the following Hamiltonian [8] :̂=̂⋅
where, in two-dimensional noncommutative space, it is transformed as
By considering the Pauli matrices as the representation of Dirac matrices in (2 + 1)-dimension, that is,
and = ( 1 2 ) , (4) becomes
where − , + are as follows:
After some calculations, it is easy to see that (6) gives
Similar to [31, 41] and by defining = cos , = sin , and 2 = 2 + 2 , it is seen that the (7) transform into
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Substituting (11) into (9) and by considering 1 ( , ) = ( ) , we have
where
with
Here it is necessary to point out that, in the literature, there are many different methods for solving quantum models exactly [32] [33] [34] [35] [36] . Boumali and Hassanabadi [31] solved this problem analytically and obtained the exact solutions in terms of the hypergeometric functions. Within the present study, we intend to illustrate the exact solvability of the problem through the sl(2) algebraization [39] . To do a comprehensive analysis, we need to obtain the more general solution of the problem. This is the main advantage of the present method. In fact, by using the theory of representation space, we construct the general matrix equation of the problem and calculate the closed-form expressions for energies and eigenfunctions. Accordingly, we can quickly obtain exact solutions of any arbitrary state n, without any cumbersome numerical procedure or a complicated analytical one in determining the solutions of the higher states. It seems that the method is computationally much simpler than other analytical methods. Hence in the next section, we solve (13), by Lie algebraic approach related to representation theory of sl(2) Lie group. Similar procedure can be also done on (10) for the 2 spinor wave function.
Lie Algebraic Solution of the Dirac Oscillator in the Noncommutative Phase Space
In this section, for solving (13) by the sl(2) Lie algebra representation, we first use similarity transformation as ( ) = −1/2 ( ), such that the first-order derivative of the differential equation (13) can be eliminated, and it is reduced to a Schrödinger-type operator as
Extracting the asymptotic behavior of the wavefunction at the origin and infinity, using the transformation
where < 0 (to be physically meaningful) and are parameters to be determined later by the exact solvability conditions (see (26) ), (16) is converted to
Using the change of variable = 2 we get 
According to [38] , in one dimension, the only Lie algebra of the first-order differential operators, which possesses finitedimensional representations, is the sl(2) Lie algebra. Hence we consider the following realization of the operators:
which satisfy the sl(2) commutation relations
and preserve the ( + 1)-dimensional linear space of polynomials with finite order
The most general second-order differential equation which preserves the space +1 can be also represented as a quadratic combination of the sl(2) generators as
where , , and are real parameters. Substituting (20) into (23) yields the following differential form:
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Comparing (24) with (19) gives
From (23) and (26), the Lie algebraic form of the Hamiltonian is written as
which implies that this operator is ES, due to the absence of the terms of positive grading. Therefore, the operator preserves the finite-dimensional representation space of the algebra sl (2) as
Hence, using (27) and (28) and doing some calculations, the following matrix equation can be obtained: 
. . .
where the necessary condition for the closed form of the energy eigenvalues is as follows: 
By substituting the values of 2 and into (30) we have
which is the same as the energy relation in [31] .
Also from (29) the expansion coefficients satisfy the following two-term recursion relation:
with the boundary conditions −1 = 0 and +1 = 0. Before we proceed further, it would be well to note that (31) may or may not possess real eigenvalues depending on the choice of noncommutative parameters̃and to be positive or negative values. Of course, it is not our aim to Advances in High Energy Physics 5 study here, but one can see a similar study in [42] , where the Dirac oscillator in 2 + 1-dimensional noncommutative space has been studied for the cases of positive and negative noncommutative parameter. Hence it seems that the results can be used to study the connection with non-Hermitian quantum mechanics. Also, the possible case of imaginary energy gives useful clue regarding the lack of bound-states in the spectroscopy of relativistic fermions.
Therefore for a given , the energy eigenvalue is obtained from (31) and the corresponding unnormalized wave function can be obtained from (6) as
where 
where by using the definition of the confluent hypergeometric function for = 2 we have ( ) = 0 1 1 (− , + 1; 2 ) .
The above equation is exactly identical to equation (32) in [31] and so for other values of and after some calculations, one can show that ( ) can be written in terms of the confluent hypergeometric function.
Conclusions
Using the Lie algebraic approach, we have solved the Dirac oscillator in (2 + 1) dimension in the framework of noncommutative phase space. We have obtained the energy eigenvalues and the corresponding wave functions through the sl(2) Lie algebra representation. We have also shown that our results are in good agreement with the results in [31] . It is seen that the Lie algebraic approach is a powerful method for reproducing the exact analytical results.
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